In the present paper we generalize the divide lying in the unit disk, introduced by A'Campo, to compact, oriented, smooth surfaces, and prove a ÿbration theorem for generalized divides. As a consequence, we will show that, for any link L in the tangent circle bundle Y to the compact surface, there exists an additional knot K such that the link L ∪ K is the binding of a "positive" open book decomposition of Y . ?
Introduction
An open book decomposition of a closed 3-manifold is the following: Let S be a compact 2-dimensional manifold with boundary @S and h an automorphism of S which is the identity on @S. Now take S × [0; 1] and identify (h(x); 0) with (x; 1) for x ∈ S and (y; 0) with (y; t) for y ∈ @S and all t ∈ [0; 1]. If a closed, oriented 3-manifold can be obtained by such an identiÿcation, we say it has an open book decomposition. The manifold S is called the page and its boundary @S is called the binding. The binding is an 1-dimensional manifold embedded in the 3-manifold, so in other words it is a ÿbered link. In the present paper we study only closed, oriented, smooth 3-manifolds.
A well-known classical theorem of Alexander [6] states that every closed, orientable 3-manifold has an open book decomposition. A subsequent question is what kinds of open book decompositions a (or a special class of) closed, oriented, smooth 3-manifold has (cf. [7, 27] ).
In the present paper we focus on the monodromy di eomorphism of the open book decomposition. A Dehn twist on a simple closed curve C in an oriented, smooth 2-dimensional manifold S is a di eomorphism obtained by cutting S along C, twisting 2 and re-gluing. A Dehn twist is positive (or right-handed) if a short segment on S transversal to C turns to the right after the twist. For example, the ÿber of the Milnor ÿbration [25] of a quadratic singularity in C 2 is an annulus and its monodromy di eomorphism is a positive Dehn twist along the core curve of this annulus. An open book decomposition is positive if its monodromy consists of the product of positive Dehn twists along some simple closed curves in the page.
In [13] , it is proved that for any link L in S 3 there exists an additional link L such that L ∪ L is a ÿbered link in S 3 with positive monodromy. Moreover, it is easy to prove that the additional link L can be replaced by an additional knot K (cf. the proof of Theorem 6.1 below). The aim of the present paper is to show the same assertion for tangent circle bundles to compact, oriented, smooth surfaces. First, we consider the case where the surface is closed. If the surface has boundary components, we study the 3-manifold obtained from the tangent circle bundle to that surface by zipping the circle over each point in the boundary components to a point. A manifold obtained from this construction is either S 3 or a connected sum of a ÿnite number of copies of S 1 × S 2 . As we mentioned, the existence of positive open book decompositions of S 3 along arbitrary links is known in [13] , while the same assertion for connected sums of S 1 × S 2 is new. Here #mS 1 × S 2 is the connected sum of m copies of S 1 × S 2 . To prove the main theorems, we will study the image of a generic, relative immersion of a ÿnite number of copies of the unit interval or the unit circle into the genus-g surface g; n with n boundary components. We will call this a divide. A divide was originally deÿned in the unit disk by A'Campo [4] as a generalization of real morsiÿcation theory of complex plane curve singularities [1, 2, [15] [16] [17] . Each divide in the unit disk determines a link in S 3 . In [3] , A'Campo proved that this link is ÿbered with positive monodromy di eomorphism if the divide is connected. He also proved that the link of an isolated, complex plane curve singularity in the sense of [25] is ambient isotopic to the link of the divide consisting of the same immersed curves as a real morsiÿcation of that singularity. In the present paper we generalize the divide in the unit disk to the one in the genus-g surface g; n , give a generalized deÿnition of associated links in the tangent circle bundle to g; n with zipping the circles over the boundary if it exists, and prove a ÿbration theorem for divides satisfying some conditions. This ÿbration will be regarded as the desired positive open book decomposition of the (zipped) tangent circle bundle. In the next step we regard the immersed curves of a divide as a regular front (cf. [9] ) and observe relation between the link of the divide and the Legendrian link of this regular front. This regular front helps us to control the link in the (zipped) tangent circle bundle and we will get the positive open book decomposition asserted in the main theorems. We note that the same strategy is used in [13] to prove the same assertion for S 3 . We organize the present paper as follows. In Section 2, we deÿne a divide, its admissible condition, a Morse function associated with an admissible divide, and its almost complexiÿed Morse function. After these preparations we deÿne a thickened genus-g surface, and then give the deÿnition of the link of an admissible divide. In Section 3, we introduce a Lefschetz ÿbration and prove a ÿbration theorem for admissible divides. That this ÿbration has a positive monodromy will also be clariÿed in this section. In Section 4, we show relation between the link of an admissible divide and the set of tangent vectors to that divide. In Section 5, we introduce a regular front on the genus-g surface g; n and prove the existence of a regular front representative of any link in the (zipped) tangent circle bundle, up to ambient isotopy. Section 6 is devoted to the proof of the main theorems. In Section 7, we align related, recent results in the study of Stein ÿllability and give a question for the future.
A Morse function associated with an admissible divide in g; n
Let g be a closed, oriented, smooth, genus-g surface and g; n a compact surface obtained from g by removing n open disks. Here g; n ¿ 0. We denote the boundary of g; n by @ g; n .
Deÿnition 2.1. A divide P in g; n is the image of a generic, relative immersion of a ÿnite number of copies of the unit interval or the unit circle into g; n . Each image of the unit interval (resp. circle) is called an interval (resp. circle) component of P. The generic and relative conditions are the following:
(i) the image has neither self-tangent points nor triple points; (ii) each endpoint of an interval component lies in @ g; n and the interval component intersects @ g; n at the endpoints transversely; (iii) a circle component does not intersect @ g; n .
An edge of P is the closure of a component of P \ {double points} and a region of P is a component of g; n \ P. If a region of P is bounded by only P then it is called an interior region, and otherwise it is called an exterior region. For each exterior region, its intersection with @ g; n is called the outside boundary. Deÿnition 2.2. A divide P in g; n is admissible if it satisÿes the following:
(iv) P is connected; (v) each interior region of P is simply connected; (vi) each exterior region of P is either simply connected or an annulus such that one boundary component is a component of @ g; n and the other is contained in P; (vii) P allows a checkerboard coloring, that is, a coloring with two colors, black and write, such that if two regions of P share an edge of P in their boundaries then they are painted with di erent colors.
In case where g = 0 and n = 1 (i.e., g; n is a disk), a divide P is admissible if and only if it is connected. Note that this "connected" condition is needed, in [3] , for the link associated with P to be ÿbered.
Let U g; n be a small open neighborhood of g; n in g if n ¿ 1, and otherwise we deÿne U g; 0 = g; 0 = g . A Morse function f : U g; n → R is a function which has only quadratic singularities. A maximum (resp. saddle and minimum) of f is a quadratic singularity with Morse index −2 (resp. 0 and 2). A level set (or an r-level set) of f is the set in U g; n given by X r := {x ∈ U g; n | f(x) = r} for r ∈ R. In particular, if r is a regular value then X r consists of disjoint smooth curves in U g; n and if r is a critical value of only saddle singularities then X r consists of immersed curves in U g; n .
We remark here about notation. Let (x 1 ; x 2 ) be local coordinates in a small open neighborhood of a point in U g; n . In the present paper we distinguish the notations f P (x) and f P (x 1 ; x 2 ) as follows: f P (x) is a function with a variable x ∈ U g; n as usual while f P (x 1 ; x 2 ) means the same function but restricted to the small open neighborhood with coordinates (x 1 ; x 2 ). The same rule may be applied to other functions from U g; n to R and also from T (U g; n ) to C, where T (U g; n ) is the tangent bundle to U g; n .
Deÿnition 2.3. Let P be an admissible divide P in g; n and ÿx a checkerboard coloring of g; n \ P. A Morse function f P associated with P is a Morse function f P : U g; n → R which satisÿes the following:
(1) 0 ∈ R is either a regular value or a critical value of only saddle singularities of f P so that the immersed curve X 0 := {x ∈ U g; n | f P (x) = 0} coincides with P in g; n .
So, hereafter we use for X 0 the same convention as P and also assume that the same coloring as P is assigned to the regions of X 0 .
(2) Each interior region of X 0 with black (resp. write) color contains one maximum (resp. minimum) of f P and, in its small neighborhood with coordinates (x 1 ; x 2 ), f P is locally given by
2 ). (3) Each double point of X 0 corresponds to a saddle of f P and, in its small neighborhood with coordinates (x 1 ; x 2 ), f P is locally given by f P (x 1 ; x 2 ) = x 2 1 − x 2 2 . (4) There are no singularities of f P in g; n other than those in (2) and (3). (5) If the outside boundary of an exterior region of X 0 is exactly a component of @ g; n then the outside boundary is a level set of f P . (6) If an exterior region of X 0 is not in case (5) then there is just one point, in its outside boundary, at which a level set of f P intersects @ g; n tangentially.
Lemma 2.4. For any admissible divide in g; n there exists a Morse function f P : U g; n → R associated with P.
Proof. Set a checkerboard coloring of the regions of P. We will make a desired Morse function f P such that f P (x) = 0 if x lies in X 0 and f P (x) ¿ 0 (resp. f P (x) ¡ 0) if x lies in a black (resp. write) colored region. First, it is easy to construct the part of f P in a small neighborhood of each double point of X 0 . For example, the Morse function h : R 2 → R given by h(x 1 ; x 2 ) = x 1 x 2 has the same conÿguration in a small neighborhood U of the origin. Clearly, this singularity is a saddle. Note that the set {(x 1 ; x 2 ) ∈ U | x 1 x 2 = 0} corresponds to the normal crossing of X 0 at the double point. Since each interior region of P is simply connected and the boundary of this region is contained in the 0-level set X 0 , we can also construct the part of f P in this region such that the level sets of f P converge to a point in it. Note that the limit point of the convergent level-circles is a maximum (resp. minimum) of f P if the color assigned is black (resp. write). The exterior region part of the desired function f P is constructed as follows: By conditions (iv) and (vi), each exterior region of P is either simply connected with a simply connected outside boundary, or an annulus. In the former case, let denote the boundary of that region, ÿ the outside boundary, and set := \ ÿ. Note that is also simply connected. Since is contained in the 0-level set X 0 , we can construct the part of f P in this region such that the level sets of f P go out passing through ÿ with satisfying the desired condition (6) in Deÿnition 2.3. In the latter case, one boundary component ÿ of the annulus is the outside boundary of that region, which is a component of @ g; n , and the other boundary component is a polygonal circle contained in the 0-level set X 0 . Hence we can also construct the part of f P in this region such that the level sets of f P go out passing through the outside boundary ÿ with satisfying condition (5).
Let a i , i = 1; : : : ; ', be the critical points of f P . Suppose that W i = {x ∈ U g; n | |x − a i | ¡ r i }, for some r i ¿ 0, is the small neighborhood of a i introduced in condition (2) or (3) above, and set
W i , and each r-level set of (x), 0 ¡ r ¡ 1, is a union of circles parallel to the annuli
. Now we deÿne a function F P from T (U g; n ) to C, almost according to [3, 4] , by
where x ∈ U g; n , T (U g; n ) is the tangent bundle to U g; n , T x (U g; n ) is the set of tangent vectors to U g; n at x, u ∈ T x (U g; n ), i = √ −1, df P (x) is the di erential and H fP (x) is the Hessian of f P at x ∈ U g; n . We will call F P the almost complexiÿed Morse function of f P , or an almost complexiÿed Morse function associated with P (cf. Lemma 2.6 and Remark 2.8 below). We will deal with F P and f P as a pair and so, hereafter, when F P is introduced we implicitly assume that there is a pre-deÿned real Morse function f P associated with P which induces F P by (2.1). Now we thicken g; n in T (U g; n ) ⊂ T ( g ). In case where @ g; n is not empty, for a su ciently small ¿ 0, let A ( g; n ) be a small neighborhood of @ g; n in g; n with width ¿ 0. In case where @ g; n is empty we deÿne A ( g; n ) to be also empty. Set
and thicken it aŝ
where ¿ 0. Set ( g; n ) := @A ( g; n ) \ @ g; n and deÿne the setÂ ; ( g; n ) bŷ
We then deÿne a thickened surface N ; ( g; n ) of g; n in T (U g; n ) by the union
Since the width of the annuli A ( g; n ) is not important in our discussion, hereafter we omit the symbol from N ; ( g; n ) and denote it simply by N ( g; n ).
Remark 2.5. We will study later the boundary @N ( g; n ) of N ( g; n ), which is a closed, oriented, smooth 3-manifold. In case where n = 0, the corresponding 3-manifold @N ( g; n ) is the tangent circle bundle to the surface g; n = g . If g = 0 and n = 1 then it is a divide in the unit disk and the corresponding 3-manifold @N ( g; n ) is S 3 . If n ¿ 0 and g + n ¿ 1 then @N ( g; n ) is #mS 1 × S 2 , where m=2g+n−1. We will prove the assertion stated in Theorems 1.1 and 1.2 for the 3-manifolds @N ( g; n ), which includes proofs of both Theorems 1.1 and 1.2.
Lemma 2.6. For any su ciently small ¿ 0, it is satisÿed that a point in N ( g; n ) is a critical point of F P if and only if it lies in g; n and is a critical point of f P . Moreover, for each critical point a i ∈ g; n ⊂ N ( g; n ), there are local coordinates (x 1 ; x 2 ; u 1 ; u 2 ) in N ( g; n ) centered at the critical point a i such that F P (x 1 ; x 2 ; u 1 ; u 2 ) = f P (x 1 + iu 1 ; x 2 + iu 2 ). In other words, F P is a complexiÿcation of f P around these critical points.
Proof. Let a i0 be a maximum of f P for some 1 6 i 0 6 '. From (2.1) and (x 1 ; x 2 ) ≡ 1, F P is locally given by
Thus the assertion follows. The proofs for the cases of a saddle and a minimum are analogous, so we omit them. The regularity at a point (x; u) ∈ N ( g; n ) with x ∈ g; n \ ' i=1 W i can be proved by checking the rank of the Jacobian matrix of the real and imaginary parts of F P .
Finally, we prove the regularity at a point (x; u) ∈ N ( g; n ) with x ∈ W i0 \ W i0 for 1 6 i 0 6 '. We assume that a i0 is a maximum of f P . The proof which we now present also works for the case where it is a saddle or a minimum, so we omit their proofs. From condition (2), in W i0 , f P is locally given by f P (x 1 ; x 2 ) = x 2 1 + x 2 2 , so F P is given by
where (x 1 ; x 2 ; u 1 ; u 2 ) are local coordinates in the tangent bundle to W i0 centered at the critical point a i0 . Hence its Jacobian matrix is given by 
Now we assume that the rank of this matrix is less than 2 and derive a contradiction. Since (x 1 ; x 2 ) = (0; 0) in W i0 \ W i0 , the rank has to be 1. Then, from the last two rows, we can put
where is a real number which depends on (x 1 ; x 2 ; u 1 ; u 2 ). Since (u 1 ; u 2 ) satisÿes u is larger than the minimal radius r i0 ¿ 0 of W i0 , we can assume by choosing ¿ 0 su ciently small that | | is su ciently small with respect to, in particular, (x 1 ; x 2 ). By substituting (2.4) for matrix (2.3), we have 
From the determinants of the ÿrst-third rows and the second-fourth rows,
and hence we have
Since (x 1 ; x 2 ) is a positive bump function centered at the origin, the inner product of the gradient vector t (@ =@x 1 ; @ =@x 2 ) and the radius vector t (x 1 ; x 2 ) is always negative. Thus the right-hand side of (2.5) is negative. However, by choosing ¿ 0 su ciently small so that satisÿes 1 − 2 ¿ 0, the left-hand side of (2.5) becomes positive. This is a contradiction. Deÿnition 2.7. A link L(F P ; ) of an admissible divide P in g; n with respect to a complexiÿed Morse function F P associated with P is the link in @N ( g; n ) deÿned by
where @N ( g; n ) is the boundary of N ( g; n ) and ¿ 0 is assumed to be su ciently small with respect to F P .
It will be proved later that the link L(F P ; ) of an admissible divide P is independent of the choice of the complexiÿed Morse function F P associated with P if ¿ 0 is su ciently small with respect to F P . See Corollary 4.3 below.
Remark 2.8. The tangent bundle to a Riemannian manifold admits an almost K ahler structure naturally determined by its Riemannian connection. In cases where n ¿ 0 or 1; 1 = R 2 =Z 2 , the surfaces admit structures of Riemannian manifolds with vanishing curvature and the almost complexiÿed Morse function F P can be replaced by the complexiÿcation of f P induced by that K ahler structure.
Lefschetz ÿbrations of admissible divides
Let M be a compact, connected, oriented, smooth 4-dimensional manifold. A Lefschetz ÿbration : M → over a disk is a map such that
• each critical point a of lies in the interior of M and admits a coordinate neighborhood with complex valued coordinates z := (z 1 ; z 2 ) consistent with the given orientation of M ; • in a small neighborhood of each critical point a, the map is locally given by the form (z) = (a) + z
• the orientation of (z) is consistent with that of ;
It should be noted that the Lefschetz ÿbration which we will deal with may have a singular ÿber which has several critical points.
Proposition 3.1. Let P be an admissible divide in g; n and F P an almost complexiÿed Morse function associated with P. Then, for a su ciently small ¿ 0 with respect to F P , there exists a Lefschetz ÿbration : N ( g; n ) → over a disk , containing the origin 0 ∈ C in its interior, such that
where Á := {c ∈ C | |c| 6 Á} ⊂ for a su ciently small Á ¿ 0 with respect to and . In particular,
• the quadratic singularities of correspond to those of F P .
We ÿrst prepare a Lefschetz ÿbration over the disk Á probably with one singular ÿber, and then attach suitable 2-handles to that ÿbration so as to obtain the desired Lefschetz ÿbration.
Lemma 3.2. For a su ciently small Á ¿ 0 with respect to , the restricted map
is a Lefschetz ÿbration over Á , possibly with one singular ÿber over 0 ∈ Á .
Proof. Since F P has only quadratic singularities by Lemma 2.6, it is enough to show that F −1 ( Á ) intersects the boundary @N ( g; n ) transversely. The transversality in a small neighborhood of each quadratic singularity follows from the cone structure of hypersurface singularities (see [25] ). The transversality at a point near the boundary @ g; n follows from the fact that the 0-level set X 0 of f P intersects @ g; n transversely. The transversality at a point not included in the above two cases is clear from the regularity of f P . That the possible singular ÿber of this ÿbration is only over 0 ∈ Á follows also from Lemma 2.6.
Before going into the proof of Proposition 3.1, we would like to explain brie y the handle decomposition of a 4-manifold M , which allows a Lefschetz ÿbration : M → over a disk , associated with that ÿbration. The situation which we are going to deal with is similar to [5] , though in our case there may be one singular ÿber which has several critical points. A general theory is written, for instance, in [20] .
Let c 0 be a point in the interior of the disk . Remark that in case where c 0 is a critical value of , its singular ÿber −1 (c 0
. Now consider the handle decomposition
where B • i is the interior of B i . Note that the ÿrst piece (
. Since the glue-face to which the handle −1 (V i ∪ b i ) ∩ B i is attached is a family of Milnor ÿbers over an interval and the Milnor ÿber is homeomorphic to an annulus, the glue-face is homeomorphic to D 2 × S 1 . Thus we conclude that −1 (V i ∪ b i ) ∩ B i is a 2-handle. Conversely, a 2-handle attaching along a vanishing cycle of such a quadratic singularity yields a new Lefschetz ÿbration over a disk. This fact will be used in the proof of Proposition 3.1. A topological, and general, condition for a 2-handle attaching to yields a new Lefschetz ÿbration is written in [5] , see Remark 1 in that paper.
Proof of Proposition 3.1. As we announced before, we construct the desired Lefschetz ÿbration from ÿbration (3.1) by attaching 2-handles. The boundary of the Lefschetz ÿbration (3.1) to which 2-handles will be attached is the intersection F −1
, where @ Á is the boundary of the disk Á . The 2-handles will be attached along simple closed curves in this boundary. We now show these curves explicitly on g; n . The ÿbers over Áe i0 ; Áe i ∈ @ Á appear on g; n as level sets of the real Morse function f P and the restriction of these level sets to each interior region of P in g; n is a level-circle. This level-circle converges to a maximum or minimum of f P as the value of f P goes to that critical value. Hence this is a vanishing cycle of the quadratic singularity of F P corresponding to the maximum or minimum. Put a 2-handle in the position of the disk in g; n bounded by that level-circle and glue it to ÿbration (3.1). Since the framing of the handle attaching is determined by the quadratic singularity corresponding to that vanishing cycle, this handle attaching yields a new Lefschetz ÿbration over a disk. We apply such 2-handle attachings for all interior regions of P. Here we assume, to adjust the Lefschetz ÿbration to our convention, that the critical values of the quadratic singularities of these 2-handle attachings are mutually di erent. Note that this assumption is essentially not needed since the vanishing cycles along which 2-handles are attached are mutually disjoint. By the same reason, we can observe that the result of these 2-handle attachings is independent of their order. It is clear that the obtained 4-manifold by these 2-handle attachings is homeomorphic to N ( g; n ), and thus, this induces a Lefschetz ÿbration of N ( g; n ) over a disk .
The Lefschetz ÿbration : N ( g; n ) → in Proposition 3.1 induces, on its boundary, a positive open book decomposition of @N ( g; n ) over the circle @ whose binding is L(F P ; ) := F −1 @N ( g; n ) . We now describe the monodromy of this open book decomposition explicitly by using the conÿguration of the immersed curves of the admissible divide P in g; n .
Set c 0 := 0 ∈ C. The ÿber −1 (c 0 ) may have critical points, each of which corresponds to a double point of P. In particular, c 0 is a regular value if and only if P has no double points. Since each 2-handle is attached along a level-circle in either a black colored region (i.e., f P (x) ¿ 0) or a write colored region (i.e., f P (x) ¡ 0), we can assume that the corresponding critical value of lies in either R + := {r ∈ R | r ¿ 0} or R − := {r ∈ R | r ¡ 0}. We denote the critical values in R + (resp. R − ) by (c +1 
Denote by 0 (resp. i ) the loop starting from the base point c 0 , going along the arc p 0 (resp. p i ), rounding the circle @V 0 (resp. @V i ) in the counterclockwise orientation, and going back toĉ 0 along the arc p 0 (resp. p i ) again. Then the composition Fig. 1 . Here we read the composite words from the right to the left.
The monodromy T 0 along 0 is equivalent to that of ÿbration (3.1) around the possible unique critical value. It is clear that T 0 consists of the product of positive Dehn twists of the quadratic singularities in −1 (c 0 ), each of which corresponds to a double point of the admissible divide P in g; n . Note that since the vanishing cycles of these quadratic singularities are disjoint, T 0 is independent of the order of these positive Dehn twists. The monodromy along i , i = 1; : : : ; m, is a positive Dehn twist since it corresponds to a quadratic singularity of . Let T + (resp. T − ) denote the monodromy along the product +1 • · · · • m (resp. 1 • · · · • ). Since each vanishing cycle of these singularities lies in an interior region of P in g; n these cycles are also disjoint, and hence T + (resp. T − ) is independent of the order of +1 ; : : : ; m (resp. 1 ; : : : ; ). We note that each positive Dehn twist in T + (resp. T − ) corresponds to a black (resp. write) colored interior region of the admissible divide P in g; n .
Summarizing, the monodromy of the ÿbration in Proposition 3.1 can be described as follows, without proof. N ( g; n ) . Moreover, the monodromy can be decomposed into three pieces T − • T 0 • T + , where T + (resp. T 0 and T − ) is the product of positive Dehn twists of quadratic singularities of corresponding to maxima (resp. saddles and minima) of f P .
Thus, as a consequence of the above propositions, we conclude the following: Theorem 3.4. Let P be an admissible divide in g; n and F P an almost complexiÿed Morse function associated with P. Then, for a su ciently small ¿ 0 with respect to F P , there is a positive open book decomposition of @N ( g; n ) whose binding is the link L(F P ; ).
Proof. The assertion follows from Propositions 3.1 and 3.3.
Remark 3.5. The ÿbration theorem in the unit disk case, which is included in Theorem 3.4, was ÿrst proved in [3] in case where an admissible (i.e., connected) divide consists of only immersed intervals, and it was re-proved by Hirasawa [19] by using the plumbing construction of ÿbered links (cf. [27, 18, 12] ). This second proof includes the case where an admissible divide contains immersed circles.
Tangent vector presentations of the links of admissible divides
In this section we prove the following small lemma, which asserts that the link of an admissible divide is the set of tangent vectors to that divide.
Lemma 4.1. Let P be an admissible divide in g; n and F P an almost complexiÿed Morse function associated with P. Suppose that ¿ 0 is su ciently small with respect to F P . Then the link L(P; ) coincides with the set
where T x (P) is the set of tangent vectors to P at x. Remark 4.2. In [3, 4] , the link of a divide in the unit disk is deÿned to be the set of tangent vectors to the divide, where the divide is not necessary to be admissible. The reason why we used Deÿnition 2.7 is that the construction of the ÿbrations of admissible divides is similar to that of the Milnor ÿbrations of hypersurface singularities in [25] (cf. [26] ).
Proof. Let a i , i = 1; : : : ; ', be the critical points of f P and W i the neighborhood of a i deÿned in Section 2. In g; n \ ' i=1 W i , since (x) ≡ 0, F P (x; u) = 0 holds if and only if f P (x) = 0 and df P (x)(u) = 0. The former means that the point x lies in P and the latter means that u = 0 if x lies in the boundary @ g; n and otherwise u is orthogonal to the gradient vector df P at x, namely u is tangent to P. Thus this coincides with the assertion. In ' i=1 W i , f P has the quadratic form assumed in Deÿnition 2.3 (2) and (3) and the assertion can be veriÿed by explicit calculations.
The next follows as a corollary.
Corollary 4.3. The link L(F P ; ) of an admissible divide P is independent of the choice of F P if ¿ 0 is su ciently small with respect to F P .
Proof. The assertion follows from Lemma 4.1.
Regular fronts in g; n
In this section we introduce a regular front representative of a link in @N ( g; n ). According to decomposition (2.2) of N ( g; n ) we decompose @N ( g; n ) into two pieces, @N A := @Â ; ( g; n ) ∩ @N ( g; n ) and @N B := @B ; ( g; n ) ∩ @N ( g; n ). The ÿrst piece @N A is homeomorphic to a union of solid tori whose core curves are @ g; n and the second piece @N B is the tangent circle bundle to B ( g; n ). For the sake of simplicity, we will abbreviate B ( g; n ) to B.
A contact element on B is a line tangent to B at a point in B. We now consider co-oriented contact elements on B. For each point x ∈ B and local coordinates (x 1 ; x 2 ) in B centered at x, a co-oriented contact element is represented by the equation
where the direction Â is the co-orientation of the contact element. The co-oriented contact element is a point in the cotangent circle bundle to B and it naturally corresponds to a unit tangent vector in the tangent circle bundle to B (see for instance [8] ). Thus the space of co-oriented contact elements on B corresponds to the tangent circle bundle to B, which is the 3-manifold @N B .
A regular front w in B is a divide in B consisting of only circle components, each of which is equipped with a co-orientation. Each line tangent to w with the co-orientation is a co-oriented contact element, and these contact elements constitute a smooth one-dimensional manifold in @N B , which is called the Legendrian link of the regular front w in B (cf. [9] ).
We remark that any link in a tangent circle bundle has a natural front representative possibly with cusps, but what we need here is a front representative without cusps.
there is a regular front w in B ⊂ g; n whose Legendrian link is ambient isotopic to L in @N ( g; n ).
The proof which we now present is essentially same as in [13] for the case where g = 0 and n = 1 (cf. [9] ).
Proof. First we isotope the given link L in @N ( g; n ) to a link L in @N B . This is possible since @N A is a union of solid tori. By setting L in a general position, we assume that the image w of L by the natural projection @N B → B has only normal crossings and without cusps. Each point in L corresponds to a pair of a point x in w and a unit vector which is tangent to B at x. Thus L corresponds to a continuous assignment of unit vectors, which are tangent to B, to the immersed curve w . We call this assignment of unit vectors a vector ÿeld on w and denote it by v. The vector ÿeld v has the following properties:
• to each double point of w two mutually di erent unit tangent vectors are assigned;
• to each regular point of w one unit tangent vector is assigned.
We now consider to isotope this vector ÿeld v continuously and with preserving the base curve w . Note that we do not permit the two mutually di erent unit vectors at each double point to lie in the same direction during this isotopy. Clearly, this isotopy move induces an ambient isotopy move of L in @N B ⊂ @N ( g; n ). Now we isotope v so that the unit vectors are tangent to B and orthogonal to w except for a ÿnite number of intervals included in the regular part of w . In each exceptional interval, the isotoped vector ÿeld, denoted by v , turns once in one of the two possible directions, see the left in Fig. 2 . Let w be a regular front obtained from w by replacing each exceptional interval by a small loop turning once in the direction so that the vector ÿeld orthogonal to w turns once in the same direction as v , see the right in Fig. 2 . Here the co-orientation of w is assigned so as to be consistent with the direction of the orthogonal vector ÿeld to w. It is easy to observe that the links corresponding to the two vector ÿelds described in the ÿgures in Fig. 2 are ambient isotopic. Hence the Legendrian link of the regular front w is ambient isotopic to the given link L. 
Proof of the main theorem
As we mentioned in Remark 2.5, the following theorem includes Theorems 1.1 and 1.2 stated in the Introduction. Note that Theorem 6.1 also includes the same assertion for S 3 , which was proved in [13] . We prepare two lemmas to prove this assertion.
Lemma 6.2. Let w be a regular front in B and assume that w satisÿes the admissible condition of divides. Let w − be the regular front consisting of the same immersed circles as w but equipped with the co-orientation opposite to w, P an admissible divide consisting of the same immersed circles as w, and F P an almost complexiÿed Morse function associated with P. Then, for a su ciently small ¿ 0 with respect to F P , the Legendrian link of the union of regular fronts w ∪ w − is ambient isotopic to the link L(F P ; ) in @N ( g; n ).
Proof. Recall that, by Lemma 4.1, the link L(F P ; ) is the set corresponding to the tangent vectors to P, and, by the deÿnition, the Legendrian link of the regular front w ∪ w − corresponds to the vectors tangent to B and orthogonal to P. Hence the rotation map @N B → @N B deÿned by (x; u) → (x; e i=2 u) brings L(F P ; ) to the Legendrian link of w ∪ w − and so they are ambient isotopic. Proof. By Lemma 5.1, there is a Legendrian link L and its regular front w such that L is ambient isotopic to the given link L in @N ( g; n ). Let P be a divide in g; n consisting of the same immersed circles as w. If P is admissible then we set P := P, and otherwise we add new circle components to P so that the obtained divide becomes admissible. In this case we denote the obtained admissible divide by P . (For example, we can obtain such an admissible divide P from P by adding suitable circle components and then replacing every circle component by two parallel curves.) Now we choose an almost complexiÿed Morse function F P associated with P such that ¿ 0 is small enough with respect to F P . Then, by Lemma 6.2, the link L(F P ; ) is ambient isotopic to the Legendrian link of a regular front w ∪ w − where w consists of the same immersed circles as P and equipped with some co-orientation, and furthermore we can assume that the co-orientation of w is chosen so that it coincides, on the immersed curves of w, with that of w. In this situation, the Legendrian link of w is contained in L(F P ; ) up to ambient isotopy and so the given link L is also. Thus, by such that @M = Y up to biholomorphisms. Here we assumed by deÿnition that the boundary of a Stain manifold is a level set of a proper strictly plurisubharmonic function. If a contact manifold is Stein ÿllable then it is symplectically ÿllable. See for instance [11] for these terms and their relations. It is worth noting that the Stein ÿllability is characterized by a result of Eliashberg [10] which implicitly states that a compact, connected, oriented, smooth 4-manifold is Stein if and only if it can be obtained, up to orientation-preserving di eomorphisms, from N ( 0; n ), n ¿ 1, by attaching so-called Legendrian 2-handles (see [14] Theorem 1.3 for a precise statement) , or equivalently, a connected, closed, oriented, smooth 3-manifold is Stein ÿllable if and only if it can be obtained from @N ( 0; n ) by applying so-called Legendrian surgeries (see for instance [11] ).
We proved in Theorem 6.1 that for any link L in @N ( g; n ) there is an additional knot K such that L ∪ K is the binding of a positive open book decomposition of @N ( g; n ). We will call this property "Property ∀L". So, for example, The set of non-Stein ÿllable 3-manifolds is not empty, that is, there exist closed, oriented 3-manifolds which are not Stein ÿllable. The ÿrst example of such 3-manifolds was given by Lisca as a consequence of Seiberg-Witten theory.
Theorem 7.2 (Lisca [22] ): The homology sphere (2; 3; 5) with reverse orientation is not symplectically semi-ÿllable. In particular, it is not Stein ÿllable.
Moreover, it is also mentioned in [22] that the connected sum of the homology spheres (2; 3; 5) with standard orientation and with reverse orientation is not symplectically semi-ÿllable with any choice of orientation. So, we cannot expect a positive open book decomposition of this manifold even if we change the orientation (cf. [23] ). Now we would like to propose a question concerning Property ∀L of oriented 3-manifolds.
Question 7.3. Does every Stein ÿllable 3-manifold have Property ∀L?
If the answer is yes, we can conclude that every closed, oriented, smooth 3-manifold has either Property ∀L or Property @L. If the answer is no, there exists a closed, oriented, smooth 3-manifold which has neither Property ∀L nor @L. In this case it would be interesting to ÿnd an invariant of 3-manifolds which measures the "binding" obstruction to the existence of positive open book decompositions.
We conclude the present paper with showing that we can always ÿnd the additional knot asserted in Theorem 6.1 if we ignore the "positive" condition of the open book decomposition. As a consequence, we suggest that it is not interesting to forget the "positive" condition from Property ∀L. Proof. A well-known theorem of Lickorish [21] states that any connected, closed, orientable, smooth 3-manifold can be obtained from S 3 by applying integral Dehn surgeries along a link. Suppose the 3-manifold Y can be obtained from S 3 by integral Dehn surgeries along a link L in S 3 . LetL denote the link in S 3 corresponding to the given link L via the integral Dehn surgeries and assume that it is disjoint from the link L . By Stallings [27] Theorem 3, for the link L ∪L in S 3 there is a trivial knot K disjoint from L ∪L such thatL ∪K ∪ L is a ÿbered link and, moreover, we can chooseK so that each component ofL ∪ L has an arbitrarily prescribed linking numbers withK. In his proof a closed braid diagram of the ÿbered linkL ∪K ∪ L is described and the ÿber surface is given by the natural Seifert surface of the closed braid diagram. This means that, by changing the linking numbers of L ∪ L withK as we like, we can control the framing of the ÿber surface, that is, the linking numbers ofL ∪K ∪ L and a link obtained by shifting it in the normal direction to the ÿber surface. Now we chooseK so that the framing of the ÿber surface agrees with the surgery coe cients of Dehn surgeries along the link L . Then, by the integral Dehn surgeries, the boundary components of the ÿber surface lying in the boundary of a tubular neighborhood of the link L are ÿlled by meridian disks of the re-glued solid tori. Thus the obtained 3-manifold by applying these surgeries also has the construction of an open book decomposition and, moreover, its binding consists of the given link L and the knot K corresponding toK via the Dehn surgeries.
Remark 7.5. We can also prove this theorem as a corollary of Theorem 6.1. Let L andL be the same links as above. Then, by Theorem 6.1, there is an additional knotK toL ∪ L such that L ∪K ∪ L is the binding of a positive open book decomposition of S 3 . The point is that we can modify the framing of the ÿber surface by taking connected sums of positive or negative Hopf links and L . Therefore, as we did in the above proof, we can modify it so that the framing agrees with the surgery coe cients of the required integral Dehn surgeries. The proof is completed by attaching suitable Hopf bands for making the binding to be connected as we did in the proof of Theorem 6.1.
